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0. Introduction 



This paper foUowing a geometric approach proves new, and reproves old, vanishing 
and nonvanishing results on the space of twisted symmetric differentials, H°{X, S'^fi^c ® 
Ox{k)) with < m, on subvarieties X C P^. The case of = m is special and 
the nonvanishing results are related to the space of quadrics containing X and lead to 
interesting geometrical objects associated to X, as for example the variety of all tangent 
trisecant lines of X. The same techniques give results on the symmetric differentials of 
subvarieties of abelian varieties. The paper ends with new results and examples about 
the jump along smooth families of projective varieties Xt of the symmetric plurigenera, 
QmiX) = dimH^{X, S^rix), or of the a-twisted symmetric plurigenera, Qa.m{X) ~ 
dim H° {X, S"" {n^. ^aKx)). 

The paper is in part motivated by a previous result where we proved that while 
smooth hypersurfaces in P'^ do not have symmetric differentials, resolutions of nodal 
hypersurfaces have them if the number of nodes is sufficiently large. This is, in particular, 
interesting because smooth and resolutions of nodal hypersurfaces in P'^of the same 
degree are deformation equivalent. So we have a case of the jumping of the symmetric 
plurigenera Qm{X) and a special one for that matter, as we shall see below. There 
is a previous example of this phenomenon in [Bo2-78], see section 2. Recall that this 
contrasts with the invariance of the plurigenera Pm = dimH'~'{X, (A"^!^^)™), n = dhnX, 
[Si98]. The jumping in our example might bring back symmetric differentials to new 
approaches to the Kobayashi's conjecture which states that a general hypersurace in P^ 
of degree d > 5 is hyperbolic (the known approaches use jet differentials, i.e. higher order 
symmetric differentials, which exist on hypersurfaces but are quite difficult to control). 
The authors motivated by this unexpected appearance of the symmetric differentials 
realized that there are many unanswered or forgotten questions about them. 
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p. Bnickman showed in [Br71] that there are no symmetric differentials on smooth 
hypersurfaces in P-*^ via an exphcit constructive approach. Later, F. Sakai with a co- 
homological approach using a vanishing theorem of Kobayashi and Ochai showed that a 
complete intersection Y C with dimension n > N/2 has no symmetric differentials 
[Sa78]. In the early nineties M. Schneider [Sc92] using a similar approach, but with 
more general vanishing theorems of le Potier, showed that any submanifold X C P^ of 
dimension n > N/2 has no symmetric differentials of order m even if twisted by Ox{k), 
H°{X, 3""^]^ «) Ox{k)) = 0, where k < m. 

In this paper we use a distinct approach to obtain vanishing and nonvanishing results 
on the space of twisted symmetric differentials that are the natural extension of the 
results mentioned above. Parts of this approach can be traced back to an announcement 
in the ICM of 1978 by the first author, [Bo78]. Our method has a geometric flavor 

involving of the tangent map for X. The tangent map is given by / : P(J7^(1)) P^, 

where /(P(fi^(l))a;) = T^X and T^X is the embedded projective tangent space to X 
at X in P^. The first application of our approach is to show that if the tangent map 
for X has a positive dimensional general fiber, then X has no symmetric differentials of 
order m even if twisted by Ojc (m) (8) L, where L is any negative line bundle on X, i.e. 
H^{X, S'^if^if (1)] ® L) = (this includes Schneider's result). 

The next step in the paper is to analyse the case of symmetric powers of the sheaf of 
twisted differentials , i.e. S''"[Jl3f (I)]- This would be the case with L = Ox in the result 
just mentioned above or equivalently the case k = m not reached by Schneider's methods. 
The loss of the negatitivity of L makes the existence of twisted symmetric differentials 
more delicate. We use the pivotal lemma 1.1 about the sections of symmetric powers of 
quotients of trivial vector bundles. One of the requirements to use the lemma is that 
the tangent map associated to X C P''^ must be surjective and connected. A key result, 
theorem 1.3, is that connectedness of the fibers of the tangent map is guaranteed if 
dimX > 2/3(7V- 1). 

An, perhaps surprisingly, important feature of the existence of twisted symmetric 
differentials is that it depends on the t-trisecant variety of X. The t-trisecant variety of 
X is the subvariety of the trisecant variety of X consisting of the union of the tangent 
lines to X which are also trisecant lines. In fact, the answer might also depend on of 
higher level t-trisecant varieties of X, see section 1.2. 

We show in theorem C that if AT C P^ has dimension n > 2/3 (A — 1), then 
H°{X, S"^[il]({l)]) 7^ if and only if all higher order t-trisecant varieties X are not 
P^. This holds in particular if X is contained in a quadric. When X is of codimension 
1 or 2 and of dimension n > 2 n > 3, respectively, the result is i?°(A, 5™[ri3f (1)]) 7^ 
if and only X is contained in a quadric (the codimension 2 case is the more challenging 
case) . Here an important characteristic is that one only needs to consider the t-trisecant 
variety. Moreover, it is shown that in these cases the t-trisecant variety is the trisecant 
variety. We also give a general criterion of when the t-trisecant and the trisecant variety 
of X coincide. As an application of the circle ideas behind this criterion we give an 
alternative proof of the Zak's theorem on the equality Tan{X) = Sec{X) if Sec{X) does 
not have the expected dimension. 
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In the last section we answer a question of M. Paun asking if dimH'^{Xt, S"^ilx^ (g) 
Kxt)) is locally invariant in smooth families if Kxt > 0. We give a negative answer 
based on the results on nonexistence twisted symmetric on hypcrsurfaccsthc plus the 
example, mentioned above, of the family of smooth hypersurfaces in specializing to 
the resolution of a nodal surfaces with sufficiently many nodes. We then ask whether 
there is a ratio k/m, for which the invariancc of dimF"(Xt,S"^03f (g) (A"fi3^))'=) holds 
and address the question of what is the lowest of such ratios. 



1. Symmetric differentials on subvarieties 

OF AND OF AbELIAN VARIETIES 



1.1 Preliminaries. 

Let E he a vector bundle on X and F(E) be the projective bundle of hyperplancs of 
E. Recall the connection between S"^E and Op(^E){'m) which plays a fundamental role in 
the study of symmetric powers of a vector bundle. If tt : F{E) — > X is usual projection 
map then the following holds 7r*Op(£;)(?Ti) — S'^E and 

H°{X,S"'E)^H''{¥{E),OriE){ni)) (1.1.1) 

The following case persistently appears in our arguments. Let E he a vector bundle 
on X which is a quotient of 0^^^ L where i is a line bundle on X: 

N+l 

q:^L^E^O (1.1.2) 

Let F{E) and L) be the projective bundles of hyperplanes of E and 0''^'''"'^ L 

respectively. The surjection q induces an inclusion and the isomorphism: 

Af+l 

z,:P{E)^F{^L) 

igOp(0N+iZ,)(l) = Op(£;)(l) 

Recall that there is a natural isomorphism (j) : F{^^~^^ L) — *■ P(0^^^ Ox) for which 
</-*C'p(^A'+io)(l) ^ 0p(0iv+i^)(l)«)7r*L-i. The projective bundle P(©^+^Ox) is the 
product XxP^, ifp2 denotes the projection onto the second factor, then C'p(0N+i o)(l) = 
P20rN{l). Concluding, the surjection q in (2) naturally induces a map fq = P2 ° ^ o iq 
and the isomorphism: 
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fg : ¥{E) ^ P- 



/;Op«(l) ^Op(B)(l)«)7r*L-i (1.1.3) 

Hence 

H^{X,S"'E) ^ if°(P(^),/g*Opiv(m) 7r*L®'") (1.1.4) 

It follows from (1.1.4) that the properties of the map fq : F{E) — > have an impact 

on the existence of sections of the symmetric powers of E. The next result gives an 
example of this phenomenon and will play a role in our study of existence of symmetric 
differentials. 

Lemma 1.1. Let E be a vector bundle on a smooth projective variety X. If E is the 
quotient of a trivial vector bundle: 

N+l 

and the induced map fq : P(£') — > P-'^ is surjective with connected fibers, then q induces 
the isomorphism: 

N+l 

H°{X,S"'E) = H°{X,S"'{^Ox)) 

(H°{X, S^'E) = S^[Cso e ... e Csjv] where Si = q{ei), ©'^+' Ox = ©to ^xCi). 

Proof The isomorphism /q*C»pN(m) ^ Op^E){m), (1.1.3), and H°{X, S'^E) ^ H°{F{E),Or(^E){m)) 
give that: 

H\X,S"'E) ^ H\F{E),f;OrM{m)) 

The next step is to relate H°{F{E), f*OpN{m)) with H°{¥^ , e'piv(m)). If fq is surjec- 
tive then /* : i?"(F^, Op!.'{m)) H^{F{E), /*Opiv(m)) is injective. If the map fq also 
has connected fibers, then all sections in H°{F{E), f*OpN{mj) descend to be sections in 
iI°(P^, OpM{m)), and the following holds: 

H°{FiE),f;OrAm)) - i?°(F~, Op«(m)) 

The result then follows from the brake down of the map fq, fq = P2 o iq, plus 
H0(P^,Op«(m)) = i/"(F(©^+i 0x),p5Op«(m)) ^ H%F{®''+^ (^x), Op(®«+i ^^^(m)) 
and iJO(F(©'^+' Ox), Op(e«+i Ox)M) - -ff^^' ^"'(©'^+' Ox))- □ 



4 



1.2 Symmetric differentials on subvarieties of P . 



The following is short collection of facts about the sheaf of differentials that will help 
the reader understand our approach. The Euler sequence of is: 

N+l 

O^nJ.™ ^ 0O(-1)^O^O (1.2.1) 

The Euler sequence expresses the relation, induced by the natural projection p : C^"*"^ \ 
{0} — > P''^, between the differentials of C^"'"''^ and P^. A necessary condition for a differ- 
ential Lu of C^+^ to come from a differential of is that the coefficients hQ{z),...,hN-{z) 
of w = ho{z)dzo + ■■■ + hN{z)dzN must be homogeneous of degree -1. But the last 
condition is not sufficient, the differentials iv on C^+^ must be such that at any point 
z G C^~^^ their contraction with the vector zod/dzo + ... + z^d/dzpf, i.e with the di- 
rection of the line from z to the origin, must be zero. To see this algebraically, the 
sheaf 0^+^ 0{-l) in (1.2.1) is 0^+^ 0(-l) = 0{-l)dzo + ... + 0{-l)dzN. The map 
q : 0^'*'"'^ 0(— 1) ^ O ^ is defined sending dzi to z^. So locally, let us say on 
Ui = {zi ^ 0}, nlf, the kernel of the map q is spanned by the sections induced by the 
differentials j-dzj — ^dzi on p^^{Ui). 

The sheaf of differentials fi^c is determined by (1.2.1) restricted to X: 

N+l 

O^nl^lx ^ ^Ox{-l)^Ox ^0 (1.2.2) 
and the conormal bundle exact sequence: 

^ AT* ^ nj,jv |x ^ ^ (1.2.3) 

The extension defined by (1.2.2) (which corresponds to a cocycle a G H^{X,^l^ff\x)) 
induces via the surjection in (1.2.3) the extension: 

^ fl]^ ^ fl]^ ^ Ox ^ (1.2.4) 

The geometric description of the sheaf il^ is that it is the sheaf on X associated to the 
sheaf of 1-forms on the affine cone X c C^+^. The above exact sequences after twisted 
by Ojf (1) fit in the commutative diagram: 



N+l 



i^lulxil) — Ox Ox{l) 



(1.2.5) 



03,(1) 



Ox{l) 
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The middle vertical surjection of diagram (1.2.5) can be represented more explicitly 
by: 



N 



(1.2.6) 



i=0 



The induced map / : P{n]^{l)) is such that for each x G X: 



/(P(Oi,(l)),)=T,X 



(1.2.7) 



where T^X is the embedded projective tangent space to X at a; inside P . For the 
obvious reasons / will be called the tangent map for X. The tangent map / induces a 
map from X to G{n, N) which is exactly the Gauss map for X , •yx '■ X ^ G{n, N). 

Theorem A. Let X be a smooth projective subvariety ofF^. If the general fiber of the 
tangent map for X, f : F{fl]^{l)) , is positive dimensional, then Mm > 0.- 



Proof. It is sufficient to show that H^{X, 5™[f2^(l)]®L) = 0, since there is the inclusion 

S'^[n\{l)] ^ 5"[f23^(l)], induced from (1.2.5). 

The projective bundle P(r2^(l)) comes with two maps. The tangent map for X, 

f : ¥{n]^{l)) ^ P^, and the projection onto X, n : F{n]^{l)) ^ X. One also has 
the natural isomorphisms O ..(m) = /*Opiv(m) and 7r*(0 „(m) 7r*L) = 

S'^[Cl]^{l)] (g) L. These isomorphisms give: 



The vanishing of the last group follows from the negativity of the line bundle f*OpN (m) (8) 
7r*L along each fiber of the map /. More precisely, /*Opiv(m) is trivial on the fibers 
and 7r*L is negative on the fibers since L is negative on X the map tt is injective on each 
fiber of /. 

We need the fibers of the map / to be positive dimensional. Since is only in this 
case that the negativity of the line bundle /*OpN(m) (g) 7r*L, I < 0, makes sense. This 

negativity implies that all sections of _ff"(P(r2^(l)),/*(9p/v(m) (g) Tr*L) vanish along all 

fibers of / and hence vanish on all F{^]^{1)), which completes the proof. □ 



As an important case of theorem A one has another proof to the result first proved 
by Schneider [Sc92]. 



FO(X,S'"[f}^(l)]®L) =0 



if L is a negative line bundle on X . 



{F{^],{l)),f*Or«{m)<S>TT*L) 
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Corollary 1.2. Let X be a smooth projective subvariety ofF^ whose dimension n > 
N/2. Then: 

H°{X,S'"n]^<SiO{k)) =0 

if k < m. 

Proof. The dimensional hypothesis n > N/2 guarantee that all fibers of the tangent 

map / for X are positive dimensional. The condition k < m gives that S"^il]^ ® 0{k) = 
5""[r23c(l)] ® Ox{l), with I < 0. The theorem then follows from theorem A for the 
negative line bundle L = Ox{l), I <0. □ 



What happens in the key case k = m? The results just mentioned use the neg- 
ativity /*C'piv(m) (8> Tr*L, along the fibers of the map /, which no longer holds if 

k = m. Indeed, one has HO(X,S'"fi^ Oxim)) = H°{F(p^{l)), f*OpN{m)) which 
is no longer trivial. The analysis of the nonexistence of twisted symmetric differen- 
tials oj e S'™[fi3f (1)]) on X is more delicate. One has to describe the sections 

H°{X,S"'il^ (g) Ox{m)) and characterize which ones are in H°{X,S"'n\i (g) Ox{m)). 
The answers will depend on geometric properties involving the variety of tangent lines 
to the subvariety X. 

To describe the twisted symmetric extended differentials in H^{X, S'^[Qx{l)]) one 
needs to use the properties of the tangent map for X C P^. The lemma 1.1 gives a good 
description of H°{X, S"^[Qx{l)]) if the map tangent map / is a connected surjection. 
The next lemma shows that this is the case when dimX > 2/3{N — 1). 

This paragraph about the tautological P^-bundle over the grassmanian is used in the 
lemma below. Let q : I —> G(1,P") be the tautological P^-bundle over the grassmanian 
and p : / ^ P" the natural map. For any point x e P" there is a P"^^ C G(1,P") con- 
sisting of all lines passing through x. The restriction (or the pullback) of the tautological 
P^-bundle to P"-i is q : F{0{1) ® O) ^ P"-^ 

Theorem 1.3. Let X be a n- dimensional submanifold ofW^ with n > 2/3{N — 1) then 

the natural map f : F{Q]^{1)) — »• P-'^ associated with the Gauss map is a surjective and 

connected m,orphism. 

Proof. The description of the map / in (1.2.7) implies that: 

/(P(fi^(l)))=Tan(X) 

where Tan{X) is the tangent variety of X, in other words Tan{X) = IJxex '^xX C P^. 

Denote by Sec{X) C P^ the secant variety of X. Zak's results [Za81] about tangencies 
state that one of the following must hold: i) dim Tan(X) = 2n and dim5ec(X) = 2n+l\ 
ii) Tan(X) = Sec{X). It follows immediately that if dimX > N/2 then Tan{X) = 
Sec{X). 
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It is also a result of Zak, coming from applying the results on tangencics plus the 
Terracini's lemma on the tangent spaces of secant varieties, that Sec{X) ^ can hold 
only if n < 2/2>{N — 2). Hence surjectivity of / is guaranteed if n > 2/3{N — 2), which 
is the case. 

It remains to show the connectedness of the fibers. Denote the fibers of f by = 
f~^{x) for X e and tt : P(0^f (1)) — > X be the projection map. The injectivity of / 
restricted to the fibers of tt implies that is connected if and only if tt{Yx) is connected. 
The subvariety Rx = 7r(F^) is the locus of X consisting of all the points in X having a 
tangent line passing through x. The Stein factorization implies that / is connected if its 
general fiber is connected, i.e. if for the general x G P^ the locus is connected. 

In the following arguments we always assume that X G P^ is general. The first 
observation to make is that R^ C Z^, where is the double locus of the projection 
Px '■ X ^ pW-i ^Yic locus of points in X belonging to lines passing through x and 
meeting X at least twice) . By dimensional arguments one has that Rx is a Weyl divisor 
oi Zx- A key element in our argument is the result of [RaLoOS] stating that the double 
locus Zx is irreducible if n > 2/3 (iV — 1). 

Let S C p-*^"! be the image of Zx by the projection px- The irreducible variety S 
can be seen as a subvariety of the P"-i c G(1,P^) of lines passing through x. We can 
puUback the tautological P^-bundle on G(l, P^) to S and obtain qs : P(e'(l)|see>) ^ S. 
The natural map p : I ^ f'^ , sec the paragraph before the lemma, induces a map 
p : P(C'(1)|5 © O) ^ P''^, whose image is the cone with vertex p and base S. The map p 
is a biregular morphism of the complement of p~^{x) onto the cone without the vertex. 

The P-^-bundle qs ■ P(C'(l)|s ® O) ^ S comes with two natural sections (one for 
each surjection onto the lines bundles O and 0{1)). Geometrically these two sections 
come from the pre-image of x and the pre-image of S via the map p. The subvariety 
M = p^^{Zx) is biregular to Zx and is a divisor in the total space of the line bundle 
Os{l)-, ^{Os{l) ®0)\ P(e'). The points in }5"^(J?x) are the points y G M for which 
the fibers of qs meet Ai at y with multiplicity > 2. The generality of x implies by the 
classical trisecant lemma that the general fiber of qs meets M only twice counting with 
multiplicity. This makes the projection qs\M : M ^ S a generically 2 to 1 map. 

Consider the pullback L = qs\*MOs{l) which is an ample line bimdlc on M. The line 
bundle L comes naturally with a nontrivial section denote the corresponding divisor of 
the total space of L, Tot{L), by Di. Denote the natural map between the total spaces 
of L and Os(l) by g : Tot{L) ^ rot(0s(l)). The divisorial component of .9"^(M) is 
decomposed in two irreducible components Di and D2- Let h : Tot{L) M he the 
natural projection, then h{Di n D2) C Rx- If is also a section of L, then h{Di n D^) 
is connected since it is the zero locus (s)o of a section s of the ample line bimdle L. The 
result would follow since any other possible component of Rx has to meet (s)o. If D2 is 
not a section the result stills follows from the same argument after base change (pulling 
back L to D2 using h). 

□ 
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In conjmiction with lemma 1.1 one obtains the following description of the space of 
twisted extended symmetric differentials on X: 



Corollary 1.4. Let X be a n-dimensional submanifold ofF^ with n > 2/3{N—l) then: 

5™ [0^(1)]) = S'^iCdzo © ... © CdzN]. 

The characterization of the space of twisted symmetric differentials on X, within the 
dimensional range dimX > 2/3{N — 1), is given by the following proposition: 

Proposition 1.5. Let X be a n-dimensional submanifold ofF^ with n > 2/3{N — 1) 
then: 

H°{X,S"'[n]^{l)]) = {Q e S"'[Cdzo®...®CdzN]\ Z{n)nT^X is a cone with vertex at x, Va; G X} 

Proof. The inclusion H"{X, S"'[n].{l)]) C H"{X, S"'\n^{l)]) and corollary 1.4 imply 
that that all the sections of H°{X, S™-[^1]^{1)] ) are induced from the symmetric m- 
differentials S""[Cd0o + - + CdzN] on C^+^ 

Let X C C^"*"""^ be the affine cone over X C , TX the sheaf on X associated 
with the tangent bundle of X and T^X C the embedded tangent space to X at x. 
Consider the rational map p : P(r2^(l)) P(ri^(l)), which is fiberwise geometrically 
described by the projections from the point x e T^X : T^X = ¥i{TX)x ¥i{TX)x, 
(ViiE) is the projective bundle of lines in the vector bundle E, ¥i{E) = P(£;*)). The 
map p gives an explicit inclusion H°{X, S"'[n]i{l)]) = p* H°{F{n]^{l)), Op(f2i^(i))(m)) C 

ifO(P(!^'(l)), 0p(fir = 5"Mzo + ... + CdzN]. 

Recall that ifO— >y— >y— >C^Oisa sequence of vector spaces, then one gets a pro- 
jection from [V] e P(y), p : F{V) — * F{V). The sections in H°{F{V),Op^y^{m)) which 

are in p* H'^{F{V),Op(^v){iT^)) ^-rc the ones corresponding to homogeneous polynomials 
whose zero locus is a cone with vertex at [V]. 

An element SI G S"^[Cdzo(B---®CdzN] corresponds in a natural way to an homogeneous 
polynomial in P^ which we still denote by ft. From the last two paragraphs it follows 
that SI induces an element in a; € H°{X, <S""[f2^(l)]) if and only if Va; G X the zero locus 
Z{Q) n T^X is a cone with vertex x. □ 



We proceed to extract from proposition 1.5 the geometric conditions required for the 
existence of twisted symmetric differentials on smooth subvarieties X c P^. First, we 
need to introduce some objects and notation. 

Let X be an irreducible subvariety and Y be any subvariety of P^. Consider the 
incidence relation: 

9 



CxY := {{x, z) e Xsm x¥^ \ zexy, yj^xandyeYn T^X] c X x 

The variety CxY comes with two projections. Denote by CxY ■= P2{Cxy)- Equiva- 
lently, Vcc € Xsm denote by CxY C TxX the cone with vertex at x consisting of the 
closure of the union of all chords joining x to y ^ x with y £ Y D T^X, where T^X is 
the projective embedded tangent space to X at x. Then CxY = Ua;ex,„ C^x^ C P^. 

Definition 1.6. Let X be an irreducible subvariety o/P^. The variety CxX C will 
be called the t-trisecant variety of X. 

For hypersurfaces H, including singular but always reduced, one has the following 
useful result. 

Proposition 1.7. Let H C P^, N > 2, be an irreducible nondegenerate hypersurface. 
Then CrH = H if H is a quadric and CrH = P^ otherwise. 

Proof. Let H he a, quadric and x G H a. smooth point. The lines I C CxH passing 
through x must touch H at least 3 times (counting with multiplicity) hence I C H. This 
implies that C^H C H, for all x E H, therefore CrH = H. 

Let H be of degree greater than 2. The result follows to the trivial case of curves 
in P^. For a general 2-plane L in P^ the intersection _ff n L = D is an irreducible and 
reduced curve of the same degree as H. The irreducible and reduced curve D = H D L 
of degree > 3 in L = P^ satisfies CdD = L (well known but see remark below). The 
result follows since the following inclusion holds C(HnL){H f^L) C {CHH)f]L and hence 
CrU contains the general 2-plane. 

□ 



Remark. Let x € H be a general point and C C P be an affine chart containing x, 
where w.l.o.g. x = Q. Let the hypersurface H fl be given by f = 0. The quadractic 
part f2 of the Taylor expansion of f at x can not be trivial on T^H, otherwise there would 
be an open subset of H on which the second fundamental form of H is trivial which would 
force H to be an hyperplane. Denote by Qx the quadric defined by f2\T^H- In the case 
H CV'^ of degree d > 3, then Qx not being trivial implies that tangent line I = TxH is 
such that {I n H)x = 2 and thus I must meet H away from x. Hence CrH = Tan{H). 



The first appearance of the t-trisecant variety is on the result about the existence of 
twisted symmetric differentials on smooth hypersurfaces in P^. 
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Theorem B. Let X be a smooth projective hypersurface in P^. Then: 

H°{X, S""[f7if(l)]) =0 
if and only if the CxX = , i.e. X is a not quadric. 

Proof Let Q G S"'[Cdzo®...®CdzN] be such that it induces a nontrivial lu G H°{X, S"^[n]^{l)]). 
As before denote by Cl also the corresponding homogeneous polynomial of degree m in 
zq, ztv- Proposition 1.5 says that the zero locus Z{n) is such that Vx E X Z{il) HT^X 
is a cone with vertex x. This clearly implies that X C Z{n). Moreover since for x € X 
Z{0,) n TxX is a cone with vertex x containing X n T^X, then C^X c Z{Q) n T^X. 
Hence: 

CxX c Z{n) (1.2.8) 
Therefore if CxX = then = and the (<J=) part of the theorem is proved. 

If CxX ^ then X n T^X is a cone with vertex x for the general x £ X. To see 
this notice that if X (1 T^X is not a cone with vertex x then by dimensional arguments 
C^X = T^X. Since ran(X) = for hypersurfaces, CxX P^ implies that C^X ^ 
T^X for the general x € X. The condition that X n T^X is a cone with vertex a; is a 
closed condition on a; G X, hence CxX = X if CxX ^ P^. 

If CxX = X then any differential fl G S'^[Cdzo © ... G Cdzpf] whose zero locus is a 
multiple of the hypersurface X will induce a nontrivial element w G H°{X, S""[0^(1)]). 
Proposition 1.7 states that if CxX = X if and only if X is a quadric and finishes the 
proof. □ 



Remark. Standard arguments can easily show that quadrics have twisted symmetric 

differentials. For example, let X c be a nonsingular quadric. Then the surface 
X is Pi X Pi, Q.\r = C)pixPi(-2,0) © C'pixpi(0,-2) and Ox{l) = Opixpi(l,l)- Hence 
^^[^^.(l)] = e)pixpi(-2,2)©Opixpi©e)pixPi(2,-2) whichimplies iJ°(X, ^^[^^.(l)]) = 
C as expected from proposition 1.5 or theorem B. 



We proceed to analyse the higher codimension case for X c P^. In the hypersurface 

case the knowledge of the t-trisccant variety X was sufficient to obtain the complete 
answer in theorem B. But in higher codimension, one should also consider iterations of 
the construction CxY. Define C%Y = Cx{CxY) (note C\Y ^ C^^^^^{CxY)) and 

proceed inductively to obtain CxY. 

Theorem C. Let X he a non degenerated sm^ooth projective subvariety ofF^ of dimen- 
sion n > 2/3{N - 1). IfC^X = F^ for some k, Then: 

H\X,S^[n\{l)])=Q 
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Proof. It follows from the proposition 1.5 that in the dimensional range n > 2/3 (iV — 1) 
the differentials to € H°{X, S"^[Qx{l)]) are induced from symmetric m-differentials Q G 
S'^[Cdzo + ... + CdzN] on C^+^. Moreover, Proposition 1.5 also says that the zero locus 
must be such that Z{n) n T,;X is a cone with vertex x, \/x € X. In the proof of 
theorem B, it was shown that this implies that CxX C Z{Q). 

Following the same reasoning, since Z{Cl) n T^X is a cone with vertex x and CxX c 
Z{n) then Cj^X C Z{n). Repeating the argument one gets C'^X C Z{n) for aU / > 1. 
If C^X = for some k, then clearly every symmetric differential f2 € S"^[CdzQ + ... + 
CdzN] inducing oj G H°{X, S"'[n]^{l)]) must be trivial. □ 



It follows from theorem B and C that it is important to characterize the subvarieties 
X c with dimX > 2/3(Af - 1) with C^X ^ for any k. They must be special 
and, as in the hypersurface case, subjectable to a description. A general result showing 
again the role of quadrics is: 

Proposition 1.8. Let X beasubvarietyofF'^ such that X c Qin...nQi, where Qi,..., 
Qi are quadrics. Then CxX c <3i D ... n Qi for all k >1. 

Proof. There is the inclusion of the t-trisecant varieties CxX C Cg . Qi for all quadrics Qi 
i = l,...,l. The equality Cq.Qi = Qi proved in proposition 1.6 gives CxX C Q\r\...r\Qi. 
In an equal fashion one sees that Cj^X = Cx{CxX) c Cq.Qi for all i = 1,...,Z. 
Induction then gives the result. □ 



Remark. One should investigate the conditions on X for the validity of the assertion 
that CxX is the intersection of all quadrics containing X for k sufficiently large. 

The case where X is of codimension 2, X" c P"+2, also has a complete answer, see 
proposition 1.12 below. The answer it will follow from establishing that CxX is the 
trisecant of X, Tr{X), if n > 3, then one can use the results on trisecant varieties of 
varieties of codimension 2 of Ziv Ran [Ra83], n > 4, and Kwak [Kw02] for the threefold 
case. 

Let X c P''^ be a subvariety and I C P^ a line meeting X at k points, Xi i = 1, k, 
the line I is said to is of type (ni, .... rife) if Ui = lengthx^^X D I). A line I is a trisecant 
line if ^rii > 3 and a t-trisecant line if additionally one of the rij > 2 {Tr{X) is the 
union of all trisecant lines and CxX is the union of all t-trisecant lines). 

Lemma 1.9. Let X be a subvariety ofF^ and n : L ^ T a 1-dimensional family of 

lines in all passing through a fixed z ^ X and whose union is not a line. If the 
general line meets X at least twice, then one of the lines must meet X with multiplicity 
at least 2 at some point. 

Proof. Let H be an hyperplane not containing z and / : T — > iJ be the map which sends 
t to LtCi H. Denote by C the image of map /. Let C{z, C) the cone over C with vertex 
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z. Let D bo the curve which consists of the divisorial component of X H C(z,C). The 
possibly nonreduced curve D is such that any Une Ic joining z to c G C meets D at least 
twice (counting with multiplicity). We can assume that the lines 1^ meet X with at most 
multiplicity at any x ^ X, otherwise the result follows. Hence the the curve D C C(z^ C) 
is reduced and clearly does not pass through z. 

Resolve the cone C{z, C) by normalizing C, C, and blowing up the singularity at the 
vertex. The resulting surface K is a ruled surface over C, which comes with two maps 
a : Y ^ C{z,C) and f :Y C. Let D be the pre-image of D by a. If D meets any 
of the fibers of / : y — > C with multiplicity > 2 then as before we are done. Hence D 
is smooth moreover it must be a miilti-section. This is impossible since by base change 
we would obtain a ruled surface which would have at least two disjoint positive sections 
not intersecting (the unique negative section lies over the the pre-image of p). □ 

We proceed by giving an alternative proof of Zak's theorem on the equality of the 
secant and tangent variety for smooth subvarieties X whose secant variety does not have 
the expected dimension. 

Corollary 1.10. (Zak's Theorem) LetX he a smooth subvariety o/P^. If dim Sec{X) < 
2n + 1 then Tan{X) = Sec{X). 

Proof. Assume Sec{X) ^ X since if the equality holds then clearly Tan{X) = Sec{X). 
Let z be a point of Sec{X) \ X. Since Sec{X) has less than the expected dimension 
there is a positive dimensional family tt : L — » T of secant lines passing through z. 
Apply lemma 1.10 to a 1-dimensional subfamily of tt : L T and obtain that one of 
this lines Lt^ must meet X with multiplicity at least 2 at some point x € X hence Lf^ 
is tangent to X at a; and z G Tan{X). □ 

Finally we use the lemma to describe an important case when the trisecant variety is 
equal to the t-trisecant variety. 

Corollary 1.11. Let X he a smooth subvariety ofV^. If the family of trisecant lines of 
X through a general point ofTr{X) is at least 1-dimensional, then TrX = CxX. 

Proof. The same argument after replacing Sec{X) by Tr{X) and Tan{X) by CxX. □ 



Proposition 1.12. Let X be a smooth subvariety of codimension 2 in P"+2. Ifn>3 
then: 

1) CxX=Tr{X). 

2) CxX = P"+2 or CxX is the intersection of the quadrics containing X. 

Proof. First we establish 1). Let be a general point of the trisecant variety Tr{X). Let 
I be a trisecant line passing through z, assume it is not also t-trisecant since otherwise 
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there is nothing to prove. Consider the projection pz : X ^ p"+i fj-om the point z 
to an hyperplane P"+i c P"+2. Denote 3 of the points in Z n X by Xi, X2 and Xz 
and p = Pz{xi) = I n P"+^. The hypersurface Pz{X) c P"+^ has at p a decomposition 
into local irreducible components Pz{X) ClUp ~ Hi U ... U Hk, where Up is a sufficiently 
small neighborhood of p. The points Xi i = 1,...,3 have neighborhoods Ui such that 
Pz ■ Ui ^ Pz{Ui) is finite and Pz{Ui) contains one of Hj. Consider the case where the 
local irreducible components Hj contained by pz{Ui) are all distinct, w.l.o.g. denote 
them by if 1 , H2 and H3 (the other cases will follow by the same argument and are more 
favourable to our purposes). In this case iii fl iJ2 H Hs will be of dimension n — 2. Since 
for every point t G HiCi H2 fl Hs the line zt is trisecant, the result follows from corollary 
1.11. 

The part 2) follows from known facts about the trisecant varieties of smooth varieties 
X of codimension 2 in projective space P''^. The trisecant variety is irreducible if the 
dimension of X n > 2. Ziv Ran [Ra83] showed that if n > 4 and Tr{X) ^ P"+2 then 
X must be contained in a quadric (this result is not explicitly stated but clearly follows 
from the article). Later Kwak [Ka02] showed that the same holds for n = 3. Ran also 
showed that if the degree of X is less or equal to its dimension then X, d < n, then X 
is a complete intersection. 

We assume X is nondegenerate in P^ (the degenerate case follows the from hypersur- 
face case). The above paragraph implies that if dim Tr(X) = n+1 then CxX = Tr{X) 
is the quadric containing X. The case dim Tr(X) = n or equivalently Tr{X) = X is 
settled by a slicing argument and the case n = 3. It is known, see for example remark 3.6 
of [Ka02], that if X is of dimension 3 and Tr{X) = X then X is a complete intersection 
of two quadrics or the Segrec variety P-'^ x C P^ which is the intersection of 3 quadrics. 
If n > 4 consider a general 5-plane L C P^, then X fl L is a smooth 3-fold in L = P^ for 
which Tr{X r)L)=XnL, since Tr(X nL) c Tr{X) n i and X n i C Tr{X D L). Then 
X n L is one of the two cases described above. Both cases have degree equal to 4 hence 
the degree X is also 4. It follows from the result of Ran and the end of the previous 
paragraph that X is a complete intersection of two quadrics. □ 



Theorem D. Let X be a smooth subvariety of codimension 2 in P"+2. Ifn>3 then: 

H%x,s"'[n],{i)]) = o 

if and only if X is not contained in a quadric. 

Proof. If X is not contained in a quadric, then CxX = P"+2 by proposition 1.12. The 

vanishing ijO(X, ^""[^^^(l)]) = follows theorem C. 

To analyse the case where X is contained in a quadric Q recall that proposition 1.5 
states that H°{X, S"'[fll^{l)]) = {O e S^'iCdzoQ-QCdzN]] Z{fl\)nT^X) is a cone with 
vertex at a;, V.t G X}. Consider the symmetric differential fig € S'^['Cdzo ® ... ® CdzN] 
associated with the quadric Q. For all x E X Z{Qq) fl TxX){= Q n T^X) is a cone with 
vertex x since T^X G T^Q. Hence flq defines an element of H^{X, S"^[flxO-)]) and this 
element is nontrivial since Tan{X) = P"+2. □ 
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1.3 Symmetric differentials on subvarieties of abelian varieties. 



In this section we do a short presentation of the results which are the analogue to 
theorem A and part of theorem C for subvarieties of abelian varieties. Again we are 
having in mind subvarieties with "low" codimension. Recently, Debarre [De06] using 
the same perspective tackled the problem of which subvarieties have an ample cotangent 
bundle, which are in the other end in terms of codimension. 

Let X be a smooth subvariety of an abelian variety A^. The surjection on the conormal 
exact sequence: 

induces the inclusion j : P(O^) P(0^n|^) of projectivized cotangent bundles. The 

projectivized cotangent bundle of is trivial, i.e. ¥{n\„) — A" x P""-"^. Let p2 : 
p"-i denote the projection onto the second factor. Then Op(Qi^^)(m) ~ 
P20f.n-i{m). The composed map f = P2° j- 

is called the tangent map for X in 



Theorem F. Let X be a smooth subvariety of an abelian variety A". If the tangent 
map f : ^{i^x) ~^ P"~^ is both surjective and connected then Vm > 0.- 



Proof. Associated to the tangent map / is the isomorphism: 

0p(ni^)(m)-/*Op„-i(m) (L2.9) 

As in the proof of lemma 1, the isomorphism (1.2.9) and the connectedness and surjec- 
tivity of the tangent map / give that: 

F0(P(f2^,),r(Op„-i(m))) = rifO(P"-\Op„-i(m)) 

The result follows from the identifications H°{X, S^fi^^) = H°{F{n]^), Op(ni^)(m)) and 
ifO(yl",5'"n3i„) =p^i?°(P"-i,e>pn-i(m)). □ 
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Corollary 1.13. Let X be a smooth hypersurface of an abelian variety A" with n > 2 
which does not contain any translate of an abelian subvariety of . Then \/m > 0; 

Proof. It follows from theorem F that it is enough to show that the tangent map / is 
connected and surjective. The hypothesis on X implies that X itself is not the translate 
of an abelian subvariety, sec [Ab94] and hence the tangent map is surjective. 

The tangent map / : P(ri^) — > P"~i induces the map j : X —>■ G{n—1, n), which is the 
Gauss map for X in A". The fibers /^^P) for P G P""^ project to Fp = 7r(/-i(p)) C X. 
The set Fp consists of all the points a; € X for which the line in TqA"' corresponding 
to p is contained in T^X. We are using the common identification of the tangent space 
TxA^ for any x G A^ with TqA^ = C", which sends the tangent spaces to X at x G X 
to an hyperplane of TqA". The Grassmanian G{n — l, n) is P"^i and the subvariety 
W C G(n — 1, n) consisting of all n — 2-planes passing through the point p € P""^ is a 
hyperplane H C G{n — 1, n). 

The hypothesis on X guarantee the the Gauss map is finite (see corollary 3.10 of 
[Za93]). Hence the image of X under the Gauss map is at least of dimension 2. It follows 
then that Fp = j~^{'~f{X) n H) is connected by Bertini's theorem and hence f~^{p) is 
also connected since n : f~^{p) ^ Fp is 1 to 1. □ 

As in the case of subvarieties of we obtain a vanishing theorem. 

Theorem G. Let X be a smooth subvariety of an abelian variety A". If the general 
fiber of the tangent map f : ^{^x) — * P"~^ is positive dimensional then Vm > 0; 

H°{X, S'^Q}x <8> = 
if L is a negative line bundle on X. 

Proof. It follows from the arguments of theorem F and theorem A. □ 



2. The non-invariance of the cotangent plurigenera 



Let X be a smooth projective variety. As in [Sa78], we define: 

Q„,{X) = dimi/°(X, ^"0^) (2.1.1) 

The dimension Qm{X) is called the symmetric m-genus of X. The graded ring Q{X) = 
'^m=o H'^i^i S'^^^x:) is called the cotangent ring of X. We define the cotangent dimen- 
sion of X to be: 
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= dimiitaka C'p(Qi^)(l) 



(2.1.2) 



where dim/jjafca C'p(ni^)(l) is the litaka dimension of the the Une bundle 0p(j2i^-)(l) on 
P(il^). For example, it follows from the results of the previous section that if X is a 
smooth subvaricty of with dime X > N/2 then Xi{X) = — oo. An abelian variety X 
of dimension n has Xi{X) = n — 1 and a smooth variety Y of dimension n with ample 
cotangent bundle has the maximal possible litaka cotangent dimension for varieties of 
dimension n, Xi{Y) = 2n — 1. 

The symmetric 1-genus, Qi{X), of a smooth projective variety X is also called the 
irregularity of X. The irregularity of a Kahler manifold is a topological invariant (as 
follows from Hodge theory) and hence it can not jump in smooth families. One can 
also see the irregularity of X as one of the plurigenus of X, more precisely Pi(^) where 
PmiX) = diinH°{X, (A"ri3f)®'"). There is an amazing result of Siu [Si98] that states 
that all plurigenera are invariant in smooth families of projective varieties. 

The symmetric plurigenera behaves differently. The first author gave the first example 
of a smooth family of projective varieties where the cotangent m-genus jumps [Bo78]. 
We start by presenting self contained modification of that example. 

Let = C^/A be an abelian 3-fold, where z\, Z2 and zs are the Euclidean holomorphic 
coordinates of C'^. We denote the involution of given by the map z ^ — z in C'' by 
cr : — » r^. Let Xt be a one-dimensional family, over the disc A, of a- invariant smooth 
hypersurfaces of which pass through one of the fixed points po of the involution 
a. Moreover, locally on a neighborhood of the fixed point Po, which we assume to be 
Po = (0, 0, 0), Xt is given by the equation: 

Zl=tZ^ + ft{Z2,Z3) (2.1.3) 

where ft{z2,zs) € (22,-23)^. 

Theorem H. Let Xt be the family described in (2.1.3) and Yt be the family which is 
the simultaneous minimal resolution of the family nodal varieties Vt = Xt/a. Then: 

a) The symmetric plurigenera is not invariant along the family Yt. 

b) Moreover H^(Yo,S^-nl.^) ^ [Y.m,>m,+ms^dzr ^z^ d^Tf' and H'^iYt, S^^n^^J D 

[Es„^,>^^+m:Sd^rdzrdzrf^ 

Proof. We have, first, to describe the local picture for the symmetric differentials around 
the fixed point pq. Let ([/, 0) be the neighborhood germ of the origin in and {U/a, xq) 
be the neighborhood germ of the nodal surface singularity (a is again the -id involution) . 
Let {V,E) be the neighborhood germ of the (-2)-curve and r : {V,E) {U/a,xo) the 
minimal resolution. 
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Lemma 2.1. The symmetric differentials on {V, E) are in bijection with the symmetric 
differentials on {U, 0) which are a-invariant and of the form u> = hmi ,m2 i^i ; Z2)dz^^ dz^^ , 
where /imi.m^C^i, ^2) G (21,^2)"^+'"^ C 0{U). 

Proof. Let (W, E') be the germ neighborhood of the blow up of (fJ, 0) at and h : 

(W,E') ([/,0) the blow up map. Denote by g : iW,E') (y,E) be the 2 to 1 
naturally defined covering of V ramified at E CV (for which a oh = r o g holds). 

First, we note that there is a natural bijection between H^iy \ E,S™^ly) with 
[H^{W \E',S"^Vl]^)Y'K The differential puUback dg* : H^iV.S'^nl,) i?0(W^, S""r2^) 
is an injection. We want to see the differentials of W on U, to do this we notice that 
there is a natural identification i?°(C/, S""0^) = H°{W,S'^Q}„). Hence, we have that 
H"(y, 5™n^) C [H^{U,S'^Vl\j)f\ What remains to be determined is what to require 
on the elements of [H^ {U, S"^^l\j)Y'^ for them to be, after the natural identification 
mentioned above, pullbacks by dg* . 

We give a coordinate chart approach to this problem. Consider the single affine chart 
blow up map / : (C^,u,t;) {<C'^,z\,Z2) given by {u,v) —* {u,uv). Consider also the 
double ramified covering g : (C^, w, w) {C^,x,y) given by {u,v) {u^,v). 

The relations between the differentials in the different coordinate charts are: 

f*{dzi) — du, f*{dz2) = udv + vdu ; g*{dx) — 2udu, g*{dy) = dv (2.13) 
Let us write the puUback by / of a symmetric differential on (C^, zi, 22): 



From (2.1.4) one easily sees that the puUback by / of any symmetric differential monomial 
of order m {m\ + m2 = m) has the term in rfw™ with no power of u in the coefficient 
(and all other terms have du with an order smaller than m). On the other hand, by 
(2.1.3) a symmetric differential u) = u^^ v^^ du^^ dv"^^ is a puUback by dg* only if ii > 
mi. This plus the coordinate description of / implies that f*{h{z\,Z2)dz^^dz^^) with 
mi + m2 = m is a puUback by g only if the Taylor expansion of h has all terms with 
combined order in zi and Z2 to be greater or equal to m, which concludes the proof. 



Let us set up some notation. The maps qt : Xt ^ Xt/a and rt :Yt ^ Xt/<7 will denote 
respectively the quotient map induced by a and the minimal resolution of Vj . Consider 
the auxiliary family Wt whose members are the Xt with po blown up, denote the blowing 
up map by ht :Wt ^ Xt. Applying the same argument of the lemma 2.1 it follows that 
there is a naturally defined injection of j : H"(Y,,, S""f7^J ^ H°(Xt,S"'Vl\^). 

It follows from corollary 1.10 that the m-the order symmetric differentials on Xt are 
the restrictions to Xt of the symmetric differentials w of the abelian variety (T^ can 
be chosen to be simple), which are the form: 




i=0 



(2.1.4) 



□ 



Jz^'dz^'dz^ 
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where E C. We want to describe the symmetric differentials j{H^{Yi , S'^JlyJ) C 

H°{Xt, S""f2^J. Recall that the hypersurfaces Xt are given in a sufficiently small neigh- 
borhood of po by the equation zi = tz^ + ft{z2,Z3), where ft{z2,zz) G (22,23)^ and zi, 
zi and Z3 are the Euclidean holomorphic coordinates of C^. We can use and Z3 as 
local holomorphic coordinates of a sufficiently small neighborhood Ut C Xt of po- Let 
it : Xt ^ be the inclusion map, then the pullback of dzi to Ut C Xt is: 

il{dzi)\ut = 3tzidz2 + Mt (2.1.5) 
where /it e (02, 2^3)^^-22 + {z2, zs^dz^ and hence: 

i*tidz';''dzpdz^'')\u, = ct'^^zl'^'dzl^'+"''dz'^^ + 7t (2.1.6) 

where the (mi + + m3)-order symmetric differential 74 has the coefficients of their 
monomial terms in {z2, 03)^™^"'"^. It follows from the Lemma 2.1 that if f ^ the 

symmetric differentiaH*(dz™idz^^dz™^) € jXfl"°(Ft, S'^fi^J) if and onlyif 2mi > mx + 
1^2 + m,3 and mi + m2 + m3 = mod 2, giving the first part of b). 

If t = we have i*(rfz™Mz™=^dz™^)|r/, = /if^Mz^^rfz^^ The (mi + m,2 + m3)- 
order symmetric differential n^'^ dz^^ dz^^ has the coefficients of their monomial terms 
in (-22, 2^3)*'"^. As before, it follows from the lemma 2.1 that the symmetric differential 
i^idz'^^dzpdzp) e j{H"{Ya, 5™n^J) if and only if 4mi > mi + ma + mg and mi + 
TO2 + nis = mod 2, which gives the second part of b) and concludes the proof. 

□ 



We now answer a question posed by Paun: are the dimensions of H°{Xt, S"^flx^ 18) 
KxJ constant for a family of smooth projective varieties? We answer this question 
negatively. 

Theorem I. Let Yt be a family of smooth projective varieties. The invariance of the 
dimension of H'^{Yt, S^fly^ ® Ky^) does not necessarily hold along the family. 

Proof. Let Xt be a family over A of smooth hypersurfaces of degree d of P"^ specializing 
to a nodal hypersurface Xq with Z > |(d^ — |rf) nodes. This is possible as long d > 6 
[Mi83]. Denote by Yj the family which is the simultaneous resolution of the family Xt, 
i € A. The general member of Yt is a smooth hypersurface of P"^ of degree d and Yq 
is the minimal resolution of Xq. We proved in [BoDeO06] that if d > 6 Yq has plenty 
of symmetric differentials, more precisely H^{Yo^ S™Vly^) ] . This result plus the 
effectivity of the canonical divisor Ky^, in particular, implies that: 

H\Yo,S"'n}y^®Ky,)^Q, m>0 (2.1.7) 

Theorem B gives that i?°(Ft, 5^0^^ ® OYt{m)) = 0. The canonical divisor of the 
hypersurface Yt is Ky^ = Oytid — 4), which implies that : 
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i7"(yt,S""0^^ = 0, m>d-4 (2.1.8) 

The result follows from (1.2.7) and (1.2.8). □ 

We want to modify the question of Paun to be able to express a stronger result (which 
is suggested by the proof of the above theorem). We introduce the following notation: 

Qc.,ra{X) = dimffO(X, S^{n\ (g> aKx)) (2.1.9) 

The dimension Qa,m{X) is called the a-twisted symmetric m-genus oi X. Is there an 
a for which the a-twisted plurigenera is invariant along all families of smooth projective 
varieties X( with Kxt > 0? 

Question. What is the lower bound (3 for the a 's for which the a-twisted plurigenera is 
invariant along all families of smooth projective varieties Xt with > ? 

Proposition 2.2. The lower hound (3 for the a's for which the a-twisted plurigenera is 
invariant for the families of smooth projective surfaces Xt with Kx^ > must satisfy: 

/3>l/2 

Proof. Consider the families Yt described in theorem 1 for degree d = 6. In this case 
Ky, = 20rt(l) and by theorem B we have H'^iXt, 5^(0^.^ (^1/2KyJ) = for t 7^ 0. On 
the other hand, H^{Yq, S'™(01-^ ® l/S^Yb)) 7^ for m > 2 as in theorem I. □ 
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